Abstract-The physics of dusty plasmas in high magnetic field is an area of current interest, spurred by the development of experiments in this area. Dust acoustic (or dust density) waves have been observed in many laboratory dusty plasmas where there is either no or weak magnetic field. These waves may be excited by the flow of ions relative to dust. The effects of high magnetic field on the excitation of dust waves have been considered in the theoretical literature, including instabilities driven by ions streaming either along or across the magnetic field. We review and extend prior theory work on such instabilities, exploring their behavior as the magnetization of the ions is varied, while the electrons are strongly magnetized and the dust is unmagnetized. It is shown that when the ions are magnetized, there can be structure in the unstable wavenumber spectrum under certain conditions. Application to possible experimental parameters is discussed.
I. INTRODUCTION

D
USTY PLASMAS are ionized gases containing small (nanometer to micrometer sized) solid particulates or dust grains. In low-temperature laboratory plasmas, generally the grains are negatively charged by plasma collection, acquiring a negative charge state because the electrons are more mobile than the ions. In a low-temperature argon plasma where the ions are at room temperature and electrons have a temperature of a few electronvolts, a 1-μm radius grain can acquire a negative charge on the order of a few thousand electron charges. The mass of the grain would be on the order of 10 12 times the proton mass, so the charge-to-mass ratio of the grain is many orders of magnitude smaller than that of the ions [1] .
Dust acoustic (DA) waves are very low frequency waves that involve the dynamics of the highly charged and massive dust grains. These waves are low-frequency analogs of ion acoustic waves and have phase speeds much smaller than the ion thermal speed. In a DA wave, the charged dust provides the dynamics, while the electrons and ions provide the pressure to sustain the wave [2] . (This can be compared with the ion acoustic wave, where the ions provide the dynamics and the electrons provide the pressure to sustain the wave.) In typical laboratory dusty plasma experiments, DA waves have frequencies in the range of 10 Hz, wavelengths in the Manuscript received August 8, 2015 ; revised October 27, 2015; accepted November 4, 2015. Date of publication January 7, 2016; date of current version April 8, 2016 . This work was supported by the National Science Foundation under Grant PHY-1301856 and Grant PHY-1201978.
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Digital Object Identifier 10.1109/TPS.2015.2499119 range of millimeters, and phase speeds in the range of cm/s. DA waves have been observed in many dusty plasma experiments both in the terrestrial laboratory and under microgravity conditions [3] . Generally, in such experiments there has been either no magnetic field or weak magnetic field such that only the electrons may be magnetized (see [4] ).
With the advent of dusty plasma experimental devices with high magnetic field, such as the magnetized dusty plasma experiment (MDPX) at Auburn University [5] , [6] , it should be possible to investigate the behavior of instabilities that excite dust waves in regimes where the ions as well as the electrons are magnetized. (It should also be possible to investigate instabilities involving magnetized dust, which may require smaller submicrometer dust and low pressures.)
In this paper, we consider several dust wave instabilities in parameter regimes where the electrons are magnetized, the ions are at least marginally magnetized, and the dust is unmagnetized. In this regime, a variety of dust wave instabilities have been considered in the theoretical literature, including instabilities driven by ions streaming along the magnetic field B [7] , [8] or across B [9] - [11] . This paper is a noncomprehensive minireview of the theory of such instabilities, along with extensions of prior work, with application to possible parameters of forthcoming experiments in high magnetic field. We consider the behavior of several instabilities as the ion magnetization varies due to variation of the magnetic field strength B and the gas pressure P. In Section II, we consider a model geometry and a nominal parameter range which may be relevant to some possible MDPX scenarios. Section III gives the general dispersion relation. Section IV discusses an ion-dust streaming instability driven by ion flow along B, while Section V discusses instabilities driven by ion flow across B. Section VI gives a brief summary.
II. MODEL AND PARAMETER REGIME We consider a weakly ionized plasma containing electrons, singly charged ions, and negatively charged dust grains with uniform radius R and charge Q = −Z d e (e is the elementary charge and Z d is the dust charge state) immersed in a uniform magnetic field B. The density, mass, temperature, and thermal speed of the charged particle species are n j , m j , T j , and v j = (T j /m j ) 1/2 , respectively, where the subscript j = e, i, d denote electrons, ions, and dust grains, respectively. Overall charge neutrality is expressed by
The gyrofrequency, collision frequency, and Hall parameter of each charged particle species are denoted by ω cj , ν j , and H j = ω cj /ν j , respectively. We will consider parameter In laboratory dusty plasma experiments, dust is often levitated above an electrode. We consider a slab model plasma where B is in the direction of gravity, which we take to be in the −z direction. In this case, there can be ion and electron drifts both along and across B = −Bz. Drifts along B can arise due to a vertical electric field E = −E z that levitates the dust grains against gravity. Drifts across B can arise due to a horizontal electric field E ⊥ = E ⊥ x, perpendicular to gravity, that confines the negatively charged grains. In the following sections, we will consider dust wave instabilities driven primarily by ion flow either along or across the magnetic field.
We consider an argon plasma with parameters in the range n i ∼ 10 9 cm −3 , T e ∼ 2 − 3 eV, T i ∼ 0.05 eV, B ≥ 0.3 T, and gas pressure P ≤ 100 mtorr. The figures of merit for the ions that we use include: the ion Hall parameter H i and β i = ω pi /ω ci , which is the ratio of the ion plasma frequency to the ion gyrofrequency. The ratio of the ion collision frequency to the ion plasma frequency is
These parameters scale with B and P as follows: H i ∼ B/P, β i ∼ 1/B, and C i ∼ P. For the parameter range we are considering, the electron Hall parameter H e = ω ce /ν e is >20 and β e < 0.03, so that the electrons are strongly magnetized.
Motivated by the range of parameters given for MDPX in [6] , we will consider the behavior of dust wave instabilities as parameters vary from a set of nominal sample case parameters given in Table I . For the latter parameters, the ion plasma frequency ω pi ∼ 6.6×10 6 rad/s, the ion gyrofrequency ω ci ∼ 2.4 × 10 6 rad/s, and the ion-neutral collision frequency ν i ∼ σ in n n v i ∼ 1.2 × 10 6 s −1 using σ in ∼ 10 −14 cm 2 . This gives β i ∼ 2.8 and H i ∼ 2. In addition, the ion Debye length is λ Di ∼ 0.053 mm, the electron Debye length is roughly λ De ∼ 0.4 mm, the ion collisional mean free path is ∼ 0.3 mm, and the electron collisional mean free path is 
1 and the dust can be considered to be unmagnetized. Based on a number of experimental measurements of dust temperature in plasmas without magnetic fields [12] , [13] , we assume that the dust has relatively high (kinetic) temperature, i.e., warm dust, and take T d ∼ 5T e , which implies the dust thermal speed is about
The dimensionless parameters corresponding to the sample case parameters are summarized in Table II .
III. DISPERSION RELATION
We consider electrostatic dust wave instabilities with frequency ω ω ci and wavevector k = (0, k y , −k z ) in the slab model geometry. We assume a Maxwellian dust velocity distribution for the dust and shifted Maxwellians for the electrons and ions for simplicity. (Note that the assumption of a shifted Maxwellian for the ion distribution may be a simplification when ions are accelerated by an electric field in a collisional plasma. This is because non-Maxwellian tails on the ion distribution can occur when charge exchange collisions are important [14] - [17] . However, the simple analysis can serve as a guide for the types of instabilities that may occur.) Using standard kinetic theory the dispersion relation can be determined from
where χ j is the susceptibility of charged particle species j . We consider strongly magnetized electrons, assume the small electron Larmor radius limit, and retain only the zeroth electron cyclotron harmonic. We allow for the ions to be at least marginally magnetized and keep the summation over ion cyclotron harmonics. We consider the dust to be unmagnetized. Collisions, which are assumed due to collisions of charged particles with neutrals, are modeled using a Krook collision operator. In this case, the susceptibilities for the charged particle species are taken as (see [18] )
Here, λ Dj = (T j /4πn j Z 2 j e 2 ) 1/2 is the Debye radius, U j is the drift velocity of particle species j , Z (ζ ) is the plasma dispersion function [19] , and
Here also ρ j = v j /ω cj is the thermal gyroradius of the particle
with I s being the modified Bessel function of order s.
IV. INSTABILITY DRIVEN BY ION FLOW ALONG B
First, we consider the case when the ions acquire a drift along B, U i = −U i z, owing to a vertical electric field that levitates the grains in a presheath or sheath region. In this case, we generally have U i v i . In the presheath, the ions get accelerated by the electric field, and it is thought that ions enter the sheath (in an unmagnetized collisionless plasma at least) with roughly the Bohm speed, ∼(T e /T i ) 1/2 v i . In the following, we will consider two values of U i ; a lower value U i ∼ 2.5v i corresponding to some distance into the presheath, and a high value of U i ∼ 7v i corresponding to entry into the sheath. Taking U i ∼ eE /(m i ν i ), the former value corresponds to a parallel electric field of strength ∼5 V/cm for sample case parameters, which is more than sufficient to levitate the grains against gravity. We take the electron drift speed U e = 0 in the presheath. (Only those electrons whose energy is large enough to overcome the potential drop could enter the sheath region.)
Because H i ∼ 2 and β i ∼ 3 for the sample case parameters, the ions are only marginally magnetized and there is not much effect of the magnetic field on the real and imaginary parts of the frequency obtained by solving (2) using (3)-(5). These solutions are shown in Fig. 1 for U i /v i = 2.5 for several values of θ that is the angle between k and B, or equivalently in this geometry, the angle between k and U i . Fig. 2 shows the corresponding solutions for the larger value U i /v i = 7. Also shown in Figs. 1 and 2 by the gray dotted curves are results for the case of an unmagnetized plasma. These are obtained by solving (2) and using the form (5) with (6c) for χ e and χ i , with the replacement of the subscript d with subscript e and i , respectively. As can be seen, the unstable spectra obtained using the susceptibilities for magnetized ions and electrons appear similar to those obtained for the unmagnetized plasma case.
We get a rough analytic expression for the unstable spectra in Fig. 2 using the susceptibilities for unmagnetized particles. We assume that the electrons are kinetic, so that
[Note that (7) would also be valid for kinetic magnetized electrons in the small electron Larmor radius limit.] For the ions, we take the nonresonant limit for U i cosθ/v i 1. For the dust, we take the nonresonant limit for ζ d
1. This yields an approximate dispersion relation for the ion-dust streaming instability in an unmagnetized plasma [20] 
Here, i = ω − kU i cosθ and A e = 1 + 1/k 2 λ 2 De . Growth is maximum when the resonance condition | i | ∼ kU i cosθ ∼ ω pi /A e is satisfied, i.e., when the Doppler-shifted frequency of an ion acoustic wave roughly matches the much lower frequency of a dust wave. For ω ν i kU i cosθ and ν d ω, the unstable spectrum when the above resonance condition is satisfied is roughly [20] The location in k and magnitude of the maximum growth rate in the curves in Fig. 2 are reasonably consistent with the above resonance condition and (9). The effects of the magnetic field on wave excitation become evident as β i decreases and H i increases. Increasing B by a factor of 2 and decreasing P by a factor of 1/2 lead to H i ∼ 8 1 and β i ∼ 1.4, which implies the ions are magnetized. Figs. 3 and 4 show the solution of (2) with (3)- (5), obtained by decreasing both β i and the collision frequencies by a factor of 1/2 from the sample case. In Fig. 4 , which shows the results for the larger U i /v i = 7 case, there is structure evident in the curves for oblique propagation. In the following, we obtain rough analytic expressions for the maximum growth rates in Fig. 4 using the susceptibilities for magnetized electrons and ions given in (3) and (4).
To get an expression for the peak of the growth rate at small k for oblique propagation, we keep only the s = 0 term in χ i and assume b i 1/2ζ 2 i0 . We also assume that the ions and dust are nonresonant, with ζ i0 , ζ d 1, and use (7) for kinetic electrons in the small electron Larmor radius limit. These conditions correspond to the case discussed in [7] and yield the following dispersion relation from (2):
Growth is maximum when the resonance condition | i | ∼ kU i cosθ ∼ ω pi cos θ/A e is satisfied, which is more restrictive than the resonance condition when the ions are unmagnetized. At the resonance, for ω ν i kU i cosθ and ν d ω the unstable spectrum would be [7] ω ω pd
To get an expression for the peak of the growth rate at larger k for oblique propagation requires an extension of the analysis in [7] . This peak corresponds to a resonance where the Doppler-shifted frequency |ω − kU i cosθ | is near the frequency of an electrostatic ion cyclotron (EIC) wave, which can be written as ω ci (1 + ) with 1/2. In an electron-ion plasma where T e /T i 1 (as in the sample case), the EIC wave has b i < 1 and propagates more parallel to the magnetic field than in a plasma with T e ∼ T i (see [21] ). To estimate the growth rate at this resonance, we use (7) for χ e and assume that the dust is cold with ζ d 1. For the ions, we retain only the s = 0 and s = −1 terms in (4), and take
1 (small ion cyclotron damping) and that ν i ω ci , the dispersion relation from (2) is roughly approximated as
At the resonance, we take
where δ = n i /n e > 1 and
Then assuming ν d ω, the unstable spectrum can be approximated from (12) as
The structure in the unstable wave spectra due to these Doppler resonances becomes more evident as the ion collision frequency decreases (also implying that H i increases), as can be seen in Fig. 5 .
V. INSTABILITY DRIVEN BY ION FLOW ACROSS B
We consider the case when the ions and electrons acquire an E × B drift across B due to the presence of a perpendicular electric field E ⊥ in the x-direction that confines the unmagnetized dust. For the strongly magnetized electrons, the electron cross-field drift is U e = U e⊥ y = (E ⊥ /B)c y. The ion crossfield drift is U i = U i⊥ y where the magnitude of the ion drift depends on
To estimate a ballpark value for E ⊥ , we assume that the associated electrostatic force is large enough to overcome the repulsive intergrain Coulomb force in order to confine the grains, so that Q E ⊥ ∼ Q 2 /a 2 where a is the intergrain distance given by a = (3/4πn d ) 1/2 . For the sample case parameters, this gives a value on the order of 1 V/cm, which is reasonable in RF dusty plasma discharges. With this value, U e⊥ ∼ 0.3v i for sample case parameters. Real frequency ω r (blue dashed curve) and growth rate ω I (red solid curve) normalized to ω pd versus kλ Di obtained by solving (2) using (3)-(5). Parameters are the same as in Fig. 4 except that P is reduced by 1/5, so that ν i /ω pi = 0.018, ν e /ω pi = 1.7, and ν d /ω pd = 0.01. Here, θ = 60°. Real frequency ω r (blue dashed curve) and growth rate ω I (red solid curve) normalized to ω pd versus kλ Di obtained by solving (2) using (3)- (5) . Parameters are the sample case parameters with U e⊥ = 0.3v i . Here, θ = 90°.
In Sections V-A and V-B, we consider instabilities for purely perpendicular propagation, with k = (0, k y , 0) in our slab model geometry. The susceptibility of the strongly magnetized electrons, in the small electron Larmor radius limit b e 1, then becomes roughly
Because we are considering parameter regimes where ω pe /ω ce 1, we will neglect this term in obtaining analytic dispersion relations below. Fig. 6 shows the real and imaginary parts obtained by solving (2) using (3)- (5), with U e⊥ /v i = 0.3 for purely perpendicular propagation (i.e., θ = 90°), for the sample case parameters. The instability in this parameter regime appears to be a very low frequency analog of a Hall current instability (also referred to as the Farley-Buneman instability) that is thought to occur in the earth's lower ionosphere (see [22] , [23] ). In the present case, the cross-field drift of magnetized ions excites dust waves [9] , compared with the Hall current instability in the ionosphere where the cross-field drift of magnetized electrons excites ion waves. As can be seen in Fig. 6 , growth rate for the sample case parameters is quite small and occurs at long wavelengths where b i 1. (2) using (3)- (5) when we increase B by a factor of 2 and decrease P by a factor of 1/2 from the sample case parameters. Thus H i ∼ 8 1, β i ∼ 1.4, and collision frequencies are reduced by 1/2. Keeping the same value of E ⊥ decreases the cross-field drift so that U i⊥ /v i ∼ 0.15. As can be seen from Fig. 7 , the instability occurs at long wavelengths where b i 1, and the growth rate increases compared with that in Fig. 6 even though the ion drift speed decreases.
A. Hall Current Instability
We get an approximate analytic expression for case corresponding to Fig. 7 . For the ions, we take the limits b i 1 and |ω − k y U i⊥ | ν i b i . For the dust susceptibility we take the nonresonant limit ζ d
1. The dispersion relation from (2) then becomes
where
In the frequency regime where ω ν d and for k y U i⊥ ω, the solution of (16) 
Here,
B. Beam Cyclotron Instability
For purely perpendicular propagation, there can be enhanced instability growth due to resonances where the Doppler-shifted frequency |ω − k y U i⊥ | is near the frequency of an ion Bernstein mode. The ion Bernstein modes occur between harmonics of the ion cyclotron frequency. This type of dust wave instability, which generally occurs at larger b i , has been considered in [11] where it was referred to as a beam cyclotron instability in a dusty plasma. The instability appears to be a low-frequency analog of a beam cyclotron type instability thought to occur in Hall thrusters [24] . (In a Hall thruster plasma, the electrons are magnetized and the ions are unmagnetized. The E × B drift of the electrons excites ion waves when the Doppler-shifted frequency is near the frequency of an electron Bernstein mode [24] .) Because dust waves can be imaged, perhaps the observation of this lowfrequency analog instability in a dusty plasma could shed light on the development of the beam cyclotron type instability in Hall thrusters.
The low-frequency beam cyclotron instability does not appear to occur for sample case parameters. Possible reasons for this may be that H i and/or the ion drift speed U i⊥ are too small. In addition, the instability requires larger k y ρ i = k y λ Di β i , and when β i is not large, one requires large k y λ Di , which leads to larger dust Landau damping. Thus, we vary the sample case parameters by reducing the magnetic field strength by 1/3, so that B ∼ 0.3 T and β i ∼ 8.4. Furthermore, keeping the same value of E ⊥ increases the cross-field drift speed, U e⊥ ∼ 0.9v i . We also reduce the pressure by 1/10, so that P ∼ 10 mtorr and the collision frequencies are reduced by a factor of 1/10. In this case, H i becomes larger as well, H i ∼ 6.6, so that we might expect the effect of magnetized ions to be more pronounced. The solution of (2) with (3)- (5) for this set of parameters is shown in Fig. 8 . There is structure in the dispersion, which arises from resonances that occur when the Doppler-shifted frequency |ω − k y U i⊥ | is near an ion Bernstein mode frequency.
We can find an approximate dispersion relation from (2) 
Compared with the analysis in [11] where it was assumed that β i 1, in this case, β i 1 and the ion Bernstein 
. That is, the mth ion Bernstein mode in this regime has frequency just below the m + 1 ion cyclotron harmonic [25] . This makes the analysis somewhat more complicated, since a number of ion cyclotron harmonics need to be retained [25] . For simplicity, we retain only s = m, m + 1 (m ≥ 1) and set k y U i⊥ ≈ (m + 1)ω ci (1 − m ) for the Doppler resonance at the mth harmonic. We determine m using the real part of (18), but neglecting the dust term, which yields
When b i > 2, one can roughly use an asymptotic expansion of the modified Bessel function for large argument [26] , namely
where μ = 4m 2 . Substituting (19) into (18) .
To obtain (18) and (20), we have also assumed that ν d ω. Then the unstable spectrum at the resonance condition is roughly
From (21), it can be seen that the growth rate increases as ν i decreases. This is illustrated in Fig. 9 , which shows the unstable spectrum for the same parameters as in Fig. 8 , but with the pressure decreased by a factor of 1/2 and thus the collision frequencies decreased by 1/2.
VI. SUMMARY
We have reviewed and extended theory for several dust wave instabilities in a collisional plasma containing magnetized electrons, unmagnetized dust, and marginally magnetized to magnetized ions. These instabilities are driven by ions flowing along the magnetic field [7] , [8] or across the magnetic field [9] - [11] . We discussed application to parameter ranges that may be relevant to forthcoming dusty plasma experiments with high magnetic field, such as MDPX [6] . We considered the behavior of the instabilities as the ion magnetization varies due to variation of the magnetic field strength B and the gas pressure P. It was found that as the ion Hall parameter increases, there can be structure in the k-spectrum of unstable dust waves excited by the ion flow. This occurs when an ion wave, such as an ion acoustic, EIC wave, or ion Bernstein wave, can be Doppler shifted toward low DA frequencies by the ion flow. Another way of looking at this is that, in the frame where the ions are stationary and the dust is a beam, the dust beam excites ion waves at those wavenumbers where there is a resonance with the beam mode.
Future work is needed to scope out a wider range of possible experimental parameters, as well as to incorporate the effects of more realistic models for both the ion and dust velocity distributions as experimental data for these quantities become available. In addition, the effects of inhomogeneity need to be included, as prior dusty plasma experiments in high magnetic field have shown that the plasma density may be inhomogeneous [27] .
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